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Ideal quantum teleportation transfers an unknown quantum state intact from one party Alice to the other Bob
via the use of a maximally entangled state and the communication of classical information. If Alice and Bob
do not share entanglement, the teleportation fidelity, i.e., the maximal average fidelity between the state to be
teleported and the state received, is upper bounded by a function fc that is inversely proportional to the Hilbert
space dimension. If they share an entangled state ρ with teleportation fidelity f < fc but upon successful
local filtering, the teleportation fidelity becomes larger than fc, we say that ρ has hidden teleportation power.
Here, we show that a non-vanishing interval of two-qudit Werner states exhibit hidden teleportation power for
all dimensions larger than two. In contrast, for a family of two-qudit rank-deficient states, their teleportation
power is hidden only if the Hilbert space dimension is less than or equal to three. Using hybrid entanglement
prepared in photon pairs, we also provide the first experimental demonstration of the activation of teleportation
power (hidden in this latter family of qubit states). The connection between hidden teleportation power with the
closely-related problem of entanglement distillation is discussed.
In quantum information science, entanglement [1] arises
naturally as a resource within the paradigm of local operations
assisted by classical communications (LOCC). Sharing entan-
glement is in fact essential for exhibiting a quantum advantage
over classical resources in computation [2, 3], secret key dis-
tribution [4], superdense coding [5], and metrology [6], etc.
Among the many possibilities that entanglement empowers,
quantum teleportation [7], i.e., the transfer of quantum states
with the help of shared entanglement and classical communi-
cation, is especially worth noting (see, e.g., [8, 9] for a review
on some advances in this topic).
Indeed, teleportation serves as a primitive in various quan-
tum protocols such as remote state preparation [10], entan-
glement swapping [11] and quantum repeaters [12]. In uni-
versal quantum computing with linear optics, it enables near-
deterministic two-qubit gates [13] and makes assembling
cluster states more efficient [14, 15]. Recently, it was used
in an experiment to provably demonstrate the scrambling of
quantum information [16]. It has also been employed as a
theoretical tool for exploring closed timelike curves [17] and
black hole evaporation [18]. In this work, we compare entan-
gled states to classical resources for the task of teleportation.
In the original protocol [7], two remote parties, which we
call Alice and Bob, share an entangled pair of qubits. By
performing a joint measurement on her half of the entangled
qubit and another (unknown) qubit |ψ〉 given to her, Alice may
transfer |ψ〉 to Bob by transmitting only the classical mea-
surement outcome to Bob. The quality of this state transfer
is measured [19] by the teleportation fidelity [20, 21], which
measures the average overlap between the state Alice wants
to teleport and the state Bob receives.
∗ These authors contributed equally to this work
† tgnm@mx.nthu.edu.tw
‡ luhe@sdu.edu.cn
§ ycliang@mail.ncku.edu.tw
To teleport a quantum state perfectly, sharing a maximally
entangled state is imperative. However, due to decoherence,
this ideal resource is often not readily shared between remote
parties, thus giving rise to a nonideal teleportation fidelity. In
fact, when the entanglement is too weak, the resulting tele-
portation fidelity can even be simulated by Alice and Bob
adopting a measure-and-prepare scheme [19], without sharing
any entanglement. Thus, whenever an entangled state yields
a teleportation fidelity larger than the classical threshold of
fc =
2
d+1 [22]—with d being the dimension of the local state
space—it is conventionally said to be useful for teleportation,
but otherwise useless (see [23] for some other notion of non-
classicality).
Importantly, certain desirable features of an entangled state
may be activated by means of so-called local filtering [24]
operations (see, e.g., [25–31]). Here, we investigate such ac-
tivation for the usefulness in teleportation: if Alice and Bob
share an entangled state ρ useless for teleportation and if af-
ter successfully applying an appropriate local filtering oper-
ation, they obtain a filtered state ρf useful for teleportation,
we say that ρ has hidden teleportation power. Bound en-
tangled [32] states are useless for teleportation and have no
hidden teleportation power [22]. Meanwhile, all entangled
isotropic states [33] are useful for teleportation. In fact, the
usefulness of isotropic states for teleportation cannot be im-
proved even if we allow the more general class of positive
partial transpose-preserving (filtering) operations [34].
In contrast, all two-qubit entangled states are either already
useful or can exhibit hidden teleportation power [35–37] (with
the corresponding optimal filters determined in [36]). What
about higher-dimensional entangled states? In this work, we
show that for all local dimensions d ≥ 3, there exist entangled
Werner states [38] that exhibit hidden teleportation power. At
the same time, there exist a family of rank-deficient states that
show hidden teleportation power only for d ≤ 3. Using this
latter family of qubit states as an example, we give an exper-
imental demonstration of the activation process using photon
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2pairs and hybrid entanglement. For that matter, we first make
use of quantum state tomography (QST) [39] to certify the
uselessness of the prepared state and then quantum process
tomography [39] as well as QST again to certify the useful-
ness of the filtered entangled state.
For any two qudit state ρ, determining its maximal tele-
portation fidelity f(ρ) (and hence its usefulness) is a pri-
ori not trivial, as it requires one to perform an integral over
all pure states according to the Haar measure. The seminal
work of Horodecki et.al. [22], however, established that f(ρ)
is monotonously related to its fully entangled fraction (FEF),
Fd(ρ), also called the singlet fraction, as
f(ρ) =
Fd(ρ)d+ 1
d+ 1
, Fd(ρ) = max|Ψd〉
〈Ψd|ρ|Ψd〉 (1)
where the optimization is to be carried out over
all d-dimensional maximally entangled states, i.e.,
|Ψd〉 = (Id ⊗ U)|Φ+d 〉, Id is the d × d identity matrix,
U is a unitary matrix and |Φ+d 〉 = 1√d
∑d−1
i=0 |i〉|i〉. The
classical (prepare-and-measure) threshold fc = 2d+1 corre-
sponds to Fc = 1d . Hence, a quantum state ρ is useful for
teleportation if and only if Fd(ρ) > Fc.
Boosting teleportation power.– We are interested to acti-
vate the usefulness for teleportation by means of local filter-
ing, or equivalently stochastic LOCC (SLOCC), i.e., LOCC
operations that succeed only probabilistically [40]. Formally,
an SLOCC acting on a bipartite system ρ gives τ = (A ⊗
B)ρ(A ⊗ B)†, where A,B are d × d matrices representing
the operation of local filters. Without loss of generality, we
may demand that ||A||∞ ≤ 1, ||B||∞ ≤ 1, where ‖ · ‖∞ is
the Schatten∞-norm [41]. Then, p = tr(τ) is the probability
of success in performing the local filtering operations. Condi-
tioned on this success, the resulting filtered state is ρf = τp .
Throughout, we use the subscript “f” to signify the filtered
state. For any given state ρ, one expects a trade-off between
the maximization of the FEF of ρf and the corresponding suc-
cess probability.
As remarked in [36], whenever the filtering probability
p 6= 0, the process of boosting teleportation power can be
made deterministic by preparing a (pure) separable state ρsep
whenever the filtering operation fails. In doing so, one ob-
tains an output state ρave = pρf + (1 − p)ρsep that is the
weighted average between the filtered state ρf and the separa-
ble state ρsep. In Appendix A, we provide the explicit Kraus
decomposition for such a process. From here, it is clear that
there are two natural figures of merit to be maximized in the
context of boosting the teleportation power of ρ: Fd(ρf ) and
Fd(ρave). In fact, as we illustrate in Appendix B, via an ap-
propriate choice of filters, the maximum value of Fd(ρf ) can
always be attained by setting |Ψd〉 = |Φ+d 〉 in Eq. (1). Conse-
quently, in the maximization of Fd(ρave), called the cost func-
tion K(ρ) in [36], we may set ρsep = |0〉〈0| ⊗ |0〉〈0|, thereby
giving K(ρ) = Fd(ρave) = pFd(ρf ) + 1−pd . Importantly,
as we show in Appendix B, so long as p 6= 0, the possibility
for ρ to exhibit hidden teleportation power is independent of
which figure of merit one maximizes, even though the optimal
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FIG. 1. The Werner state W (v), v ∈ [0, 1] is entangled if and only
if 0 ≤ v < 1
2
. Here, we show that for d > 2, W (v) has hidden tele-
portation power in the region 0 ≤ v < d+1
4d−2 (blue and red segment).
As d increases from 2 towards∞, the threshold vcr = d+14d−2 moves
from 1
2
towards 1
4
, as symbolized by the (shrinking) red segment.
The blue segment indicates the region where W (v) always has hid-
den teleportation power whenever d > 2. For d = 2, all entangled
W (v) are useful for teleportation.
filter(s), and hence the final FEF may be different.
Werner states.– Consider the Werner state [38]: W (v) =
2v
d(d+1)P+ +
2(1−v)
d(d−1)P−, v ∈ [0, 1], where P∓ = (Id2 ∓ V )/2
is the projector onto the (anti)symmetric subspace of Cd⊗Cd
and V =
∑d−1
i,j=0 |i〉〈j| ⊗ |j〉〈i| is the swap operator. W (v) is
entangled if and only if 0 ≤ v < 12 . Surprisingly, it follows
from the analytic form of Fd[W (v)] determined in [42] (see
Appendix C) that for all d > 2, all (entangled) W (v) are
useless for teleportation. Here, we show that there is always a
nonvanishing interval of v for which these Werner states have
hidden teleportation power.
Indeed, our numerical optimization suggests that the FEF
of the filtered state may be maximized using the qubit filter:
AF (W ) = σz ⊕ 0d−2, BF (W ) = σx ⊕ 0d−2, (2)
where σx, σz are Pauli matrices. In fact, local-filtering
both Hilbert spaces of W (v) onto the same qubit subspace
span{|j〉, |k〉}, j 6= k would be sufficient. The additional uni-
tary transformation effected by the Pauli matrices, however,
makes it evident that that the FEF of the filtered state Wf (v)
is maximized using |Φ+d 〉 since Wf (v) = 1N [(d + 1)(1 −
v)|Φ+2 〉〈Φ+2 | + v(d − 1)(I − |Φ+2 〉〈Φ+2 |] ⊕ 0d2−4, where the
success probability is pW(v) = 2Nd(d2−1) and N = (d+ 1)(1−
v) + 3v(d− 1) is a normalization factor.
Explicitly, Wf (v) has a FEF given by Fd[Wf (v)] =
2(d+1)(1−v)
dN , which exceeds the classical threshold of
1
d if
v < vcr =
d+ 1
4d− 2 =
1
4
+
3
4d− 2 . (3)
That is, for d > 2, W (v) exhibits hidden teleportation power
whenever 0 ≤ v < vcr. Clearly, vcr decreases monotonically
with d but even when d→∞, vcr does not vanish and thus for
d ≥ 3, there is always a finite interval of v whereW (v) shows
hidden teleportation power. These results are schematically
summarized in Fig. 1. In Appendix C, we also demonstrate
how the increase in FEF [Fd(WF ) − Fd(W )] varies with the
success probability pW(v) of local filtering.
Two other remarks are in order. Firstly, even if we take
into account of the success probability and maximize the cost-
functionK[W (v)], the optimal filters again appear to be those
3given by Eq. (2). Secondly, although our criterion for the use-
fulness of teleportation of a two-qudit state is based on tele-
porting a qudit state of the same dimension, a little calculation
shows that if the locally-filtered Werner state Wf (v) is use-
ful for teleportation (i.e., having Fd[Wf (v)] > 1d ), it is also
useful for teleporting a quantum state of dimension d′, i.e.,
Fd′ [Wf (v)] >
1
d′ for all integer d
′ ≥ 2. However, as we shall
see below, none of these features should be taken for granted.
Rank-deficient states.– To this end, consider the one-
parameter family of two-qudit, rank-two entangled states [22,
36]: ρ(q) = q|Φ+d 〉〈Φ+d | + (1 − q)|0〉〈0| ⊗ |1〉〈1|, where
0 < q < 1. Clearly, for q > 1d , Fd[ρ(q)] ≥ q > 1d and thus
the corresponding ρ(q) is already useful for teleportation. We
show in Appendix D that for d ≥ 4, all entangled ρ(q) are
useful for teleportation whereas for d ≤ 3, the state is useful
for teleportation if and only if q > 1d .
To see that useless ρ(q) may possess hidden teleportation
power, note from [22] that ρ(q) may be quasi-distilled into
|Φ+d 〉 by applying the local filters An = diag[1/n, 1, ..., 1],
Bn = diag[1, 1/n, ..., 1/n], and with n → ∞. In this limit,
Fd[ρf (q)] approaches one but the success probability qn2 +
1−q
n4 → 0, and thus cost-function K[ρ(q)] → 1d , showing that
these limiting filters are suboptimal in terms of maximizing
K[ρ(q)] (see Appendix D for details).
Indeed, since ρ(q) violates the reduction criterion [33], it
is possible—in contrast to the Werner state—to make the fil-
tered state useful by applying local filtering on one side. For
definiteness, let us consider filtering only on Alice’s side.
Then the filter maximizing K[ρ(q)], which generalizes that
given in [36] for the d = 2 case, appears to be AK =
κ|0〉〈0|+∑d−1j=1 |j〉〈j|, where κ = (d−1)qd(1−q) .
The filtered state ρf,κ(q), whose explicit expression can be
found in Appendix D, has an FEF of
Fd[ρf,κ(q)] =
q
d2pκ(q)
(κ+ d− 1)2 , q ∈
(
0, d2d−1
)
, (4)
and is obtained with probability pκ(q) = κ2
(
q
d + 1− q
)
+
q
d (d − 1). That this indeed demonstrates the hidden telepor-
tation power of useless ρ(q) is illustrated for the qubit case in
Fig. 2 (see also Appendix D). More generally, it can be shown
that for all d ≥ 2, Fd[ρf,κ(q)] > Fd[ρ(q)] for the interval of
q specified in Eq. (4). At the upper limit, AK = Id, i.e., if we
increase q further, the expression for pκ(q) becomes unphysi-
cal.
Of course, we can also consider a maximization of the FEF
of the filtered state by allowing only filtering on Alice’s side.
In this case, the optimized local filter appears to take the same
form as AK but with κ replaced by κ′ = qq+d(1−q) . Con-
sequently, the success probability pκ′(q) and the FEF of the
filtered state Fd[ρf,κ′(q)] are similarly obtained by replacing
κ with κ′ in Eq. (4) (see more details in Appendix D).
Experimental demonstration.– As an illustration, we ex-
perimentally prepare the rank-two states ρ(q) for q =
1
15 ,
2
15 , . . . ,
10
15 and demonstrate how local filtering can be ap-
plied on one side to boost its teleportation power. See Fig. 3
for a summary of our experimental scheme and Fig. 4 for the
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FIG. 2. Experimental and theoretical results illustrating the telepor-
tation power before and after filtering for qubit ρ(q). a. FEF F2
estimated from quantum state tomography and Eq. (1) b. teleporta-
tion fidelity f estimated from quantum process tomography. Dashed
lines represent the theoretical results for ρ(q) (bottom, red, corre-
sponding to ρ1′2), ρf,κ(q) [middle, blue, corresponding to ρ1′2(κ)],
and ρf,κ′(q) [top, turquoise, corresponding to ρ1′2(κ′)]. The classi-
cal thresholds are marked by solid lines.
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FIG. 3. Experimental scheme used in demonstrating the hidden tele-
portation power of ρ(q). QST may be performed at stage 1, 1′, and
1′′ to estimate the density matrix corresponding, respectively, to the
initial entangled state, the experimentally prepared ρ(q), and the lo-
cally filtered state ρf,κ(q) or ρf,κ′(q).
detailed experimental setup. To this end, we first generate
polarization-entangled photon pairs via a periodically poled
potassium titanyl phosphate (PPKTP) crystal in a Sagnac in-
terferometer [43], which is bidirectionally pumped by an ul-
traviolet (UV) diode laser at 405 nm. Via quantum state to-
mography (QST), we find that the generated entangled state
ρ12 gives a fidelity of 0.954 ± 0.003 with respect to an ideal
Bell pair |Ψ+2 〉12 = 1√2 (|H1V2〉 + |V1H2〉), where the polar-
ization H (horizontal) and V (vertical) encode, respectively,
the state |0〉 and |1〉.
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FIG. 4. Experimental setup. The generated entangled photons are each coupled into a single-mode fiber and sent to Alice and Bob after
passing through a polarization maintainer (PM), which consists of a half-wave plate (HWP) sandwiched by two quarter-wave plates (QWPs).
The noisy channel generates ρ(q) according to θ1, which is then filtered to boost its teleportation power. See text for details. DM: dichroic
mirror. NBF: narrow-band filter. BS: beam splitter.
QST requires both photons to be measured in different
bases, which are achieved by getting each of them to go
through a quarter-wave plate (QWP) and a half-wave plate
(HWP) set at the appropriate angles before passing them
through a polarized beam splitter (PBS), and eventually reg-
istered by a detector. To generate ρ(q), we do not measure
photon 1 (see Fig. 3) but rather let it pass through a noisy
channel E(θ1) such that ρ1′2(θ1) = E(θ1)⊗ I2(|Ψ+2 〉〈Ψ+2 |) =
q(θ1)|Φ+2 〉〈Φ+2 | + [1 − q(θ1)]|HV 〉〈HV |. The parameter
q(θ1) =
2 sin2(2θ1)
1+2 sin2(2θ1)
could be varied by rotating the angle
θ1 of the HWP between the two beam displacers (BDs). To
determine the FEF before filtering, we again determine ρ1′2
by performing QST, and then calculate its FEF according to
Eq. (1). The results are shown with red dots in Fig. 2a. For
q(θ) ≤ 715 , we observe that F2(ρ1′2) < Fc = 12 , thus certify-
ing the uselessness of these states for teleportation.
To boost the teleportation power of the noisy state, Alice
applies a local filter AK = diag[κ, 1] on photon 1′, which is
realized by implementing an amplitude damping channel [39]
and keeping only the photons exiting from one specific out-
put port [44]. The parameter κ is related to the angle θ2 of
the HWP at the lower arm, i.e., κ = sin 2θ2. By setting
sin 2θ2 =
q(θ1)
2[1−q(θ1)] , we realize the filters AK with param-
eter κ and obtain ρ1′′2(κ) with a success probability of pκ(q).
Similarly, by tuning θ2 accordingly, we can implement the fil-
terAK with κ replaced by κ′ and obtain ρ1′′2(κ′). The FEF of
each filtered state ρ1′′2, i.e., F2(ρ1′′2) is then estimated with
the help of the corresponding QST.
As shown in Fig. 2a, F2(ρ1′′2) exceeds Fc = 12 after local
filtering, which indicates that the filtered state ρ1′′2 is able
to accomplish quantum teleportation better than the classical
measure-and-prepare strategy. Note that these results, as well
as the ones reported below, are all in excellent agreement with
theoretical predictions.
To complete the teleportation protocol, we do not mea-
sure ρ1′′2 (see Fig. 3) but rather involve also the path de-
gree of freedom (DOF) [45, 46] of photon 1′′ to obtain a
three-qubit two-photon hybrid system. For the “unknown”
qubit state to be teleported, we choose |ψ〉 ∈ {|0〉, |1〉, |+〉 =
1√
2
(|0〉+ |1〉, |R〉 = 1√
2
(|0〉+ i|1〉)}, and reconstruct the pro-
cess matrix χexp of our teleportation channel using quantum
process tomography (QPT) [39] (see Appendix E 6 for de-
tails). The teleportation fidelity f(ρ) based on the shared state
ρ—which equals the average (identity) gate fidelity F¯ (ρ)—is
related [47, 48] (see also [22]) to the process fidelity Fp by
f(ρ) = F¯ (ρ) = [2Fp(ρ) + 1]/3, where Fp = tr(χidχexp)
and χid is the process matrix of the ideal teleportation chan-
nel. As shown in Fig. 2b, f(ρ) shows the same trend as F2(ρ)
when we vary q(θ1), which indicates the linear dependence of
f(ρ) on F2(ρ), as required by Eq. (1). Other experimental
results and further experimental details, including the coinci-
dence count rate, could be found in Appendix E.
Discussion.— One may have noticed that the interval of v at
which W (v) exhibits hidden teleportation power (HTP) coin-
cides exactly with the interval where these states are known to
be 1-distillable [49–51]. The problem of n-distillability con-
cerns the conversion of n ≥ 1 copies of a given initial state
ρ to a finite number of two-qubit maximally entangled states
by means of LOCC. Since all two-qubit entangled states are
distillable [52], a two-qudit state ρ is distillable if one can find
qubit projections that maps ρ to a two-qubit entangled state.
With the qubit projection first considered by Popescu [25], it
is known [49–51] that Werner state can be locally filtered to a
two-qubit entangled state for v ∈ [0, vcr).
5Thus, our result regarding the HTP of W (v) may also be
derived from [49–51] by noting that (i) the filtered two-qubit
state Wf (v) satisfies Fd[Wf (v)] > 1d if and if only it is en-
tangled and (ii) for d > 2, Fd[W (v)] ≤ 1d for all v (see Ap-
pendix C). This observation clarifies the differences between
the problem of HTP and that of 1-distillability. Firstly, for a
state ρ to possess HTP, we not only require that it becomes
useful after filtering but also that it is useless before filter-
ing. Secondly, to address the 1-distillability of ρ by qubit
projection1, one seeks for filters A and B such that ρf =
A⊗B ρ (A⊗B)†
tr[A⊗B ρ (A⊗B)†] is a normalized two-qubit entangled state.
However, for the problem of HTP, one is interested to know
whether there exist filters such that ρf satisfies Fd(ρf ) > 1d .
Despite these apparent differences, the two problems are
indeed closely related. On the one hand, if ρ is 1-distillable by
qubit projection, then embedding the filtered two-qubit state
ρf in Cd ⊗ Cd makes it obvious that Fd(ρf ) > 1d , i.e., the
filtered state must be useful for teleporting a qudit state. On
the other hand, if filters can be found such that Fd(ρf ) > 1d ,
then ρf is distillable by subjecting ρ⊗mf for some finite m to
the recurrence protocol of [33]. Numerically, we have also
observed that whenever Fd(ρf ) > 1d , qubit filter(s) can be
found such that a (potentially different) two-qubit filtered state
ρ˜f satisfies F2(ρ˜f ) > 12 . A proof of this implication, i.e.,
Fd(ρf ) >
1
d =⇒ F2(ρ˜f ) > 12 , is to our knowledge, lacking.
If true, then the problem of exhibiting (hidden) teleportation
power better than classical becomes equivalent to the problem
of 1-distillability by qubit projection.
It is also worth noting that even though there has been [53]
a local-filtering experiment demonstrating hidden nonlocal-
ity [25], the experiment reported there in did not show hid-
den teleportation power as the initial state—as introduced
in [24]—is already useful for teleportation before any filter-
ing. Indeed, the connection between Bell-nonlocality and use-
fulness for teleportation is intricate, see, e.g., [54, 55]. Thus,
an open problem that stems from the present work is whether
there exists quantum states that could exhibit hidden telepor-
tation power but not hidden nonlocality. Both Werner states
and the rank deficients that we discussed seem to be plausible
candidates but a conclusive answer would require a thorough
analysis would need to be carried out, e.g., using techniques
from [56, 57]. Finally, what if we allow local filtering on mul-
tiple copies of the same state? For Bell-nonlocality [58], this
is known [26] to be useful but its effectiveness in terms of
boosting teleportation power remains to be clarified. Notice
that when joint local filtering is allowed, all entangled states
are capable of boosting the teleportation power of some other
entangled state [27].
1 In general, a distillation protocol may involve LOCC that cannot be de-
scribed by local filtering alone.
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Appendix A: CPTP Map for Boosting Teleportation Power
As remarked in [36], a non-deterministic local filtering op-
eration that transforms a two-qubit state ρ with F2(ρ) ≤ 12
to one with F2(ρf ) > 12 can always be converted to a deter-
ministic LOCC by preparing a pure product state when the
filtering operation fails. Here, we give a straightforward gen-
eralization of this observation to the qudit case and provide
the explicit Kraus operators of the completely-positive trace-
preserving (CPTP) map achieving this.
To this end, let us consider the case where local filtersA and
B are, respectively, applied on Alice and Bob’s subsystem,
both of which are assumed, without loss of generality, to be
of dimension d. There are four possible outcomes associated
with the application of these filters, i.e., the filtering may (i)
succeed on both sides, (ii) succeed on Alice’s side but fail
on Bob’s side, (iii) succeed on Bob’s side but fail on Alice’s
side, or it may fail on both sides. Each of these cases leads,
respectively, to the resulting state M1ρM
†
1 , G1ρG
†
1, G2ρG
†
2,
and G3ρG
†
3, where
M1 = A⊗B, G3 =
√
Id −A†A⊗
√
Id −B†B,
G1 = A⊗
√
Id −B†B, G2 =
√
Id −A†A⊗B.
(A1)
To prepare the product state |ψ〉|φ〉 conditioned on the fail-
ure of any of the local filtering operation, it suffices to trace
out the local subsystems in the last three cases and locally pre-
pare, respectively |ψ〉 and |φ〉. It is straightforward to verify
that this can be achieved via the following CPTP map:
E(ρ) = M1ρM†1 +
3∑
k=1
d−1∑
i,j=0
MijkρM
†
ijk (A2)
where Mijk = |ψ〉|φ〉〈i|〈j|Gk (i, j = 0, 1, ..., d − 1, k =
1, 2, 3). In particular, if we write M1ρM
†
1 = pρf where p =
tr(M1ρM
†
1 ) is the success probability of filtering, then after
the map E , Alice and Bob will end up with the average state
ρave = pρf + (1− p)|ψ〉〈ψ| ⊗ |φ〉〈φ|. (A3)
6Appendix B: Two Figures of Merit
Let the unnormalized filtered state be
τ(A,B) = (A⊗B)ρ (A⊗B)†, (B1)
then the corresponding success probability of filtering is
p(A,B) = tr[τ(A,B)]. (B2)
If p(A,B) 6= 0, then conditioned on the success of filtering,
one obtains the filtered state ρf (A,B) =
τ(A,B)
p(A,B) .
Depending on whether one cares about the success prob-
ability p(A,B), there are two natural figures of merit, and
hence two different optimization problems to consider in
terms of boosting the teleportation power of a given quantum
state ρ. However, as we illustrate below, whether a given ρ
possesses hidden teleportation power is independent of which
among these optimization problems one decides to perform.
The first of these concerns the maximization of the FEF of
the filtered state ρf (A,B), i.e.,
max
A,B
Fd[ρf (A,B)],
such that ||A||∞ ≤ 1, ||B||∞ ≤ 1
(B3)
From the definition of FEF given in Eq. (1), we see that the
first line of Eq. (B3) can be expressed as
max
A,B
max
U
〈Φ+d |(I⊗ U)†
(A⊗B)ρ (A⊗B)†
tr[(A⊗B)ρ (A⊗B)†] I⊗ U |Φ
+
d 〉
= max
A,B
〈Φ+d |
(A⊗B)ρ (A⊗B)†
tr[(A⊗B)ρ (A⊗B)†] |Φ
+
d 〉
(B4)
where the last equality follows by absorbing the optimizing
unitary U to the definition of the Bob’s filter, i.e., U†B → B,
and the cyclic property of trace. Hence, we may write the
optimization problem of Eq. (B3) as
max
A,B
〈Φ+d |ρf (A,B)|Φ+d 〉,
such that ||A||∞ ≤ 1, ||B||∞ ≤ 1,
(B5)
which means, when optimizing the filters, we may assume
without loss of generality that Fd[ρf (A,B)] is attained with
respect to the maximally entangled state |Φ+d 〉.
Alternatively, one could also maximize the so-called cost
function [36] of ρ, denoted by K(ρ), which is simply the
FEF of the average output state ρave, cf. Eq. (A3). From the
simplification to Eq. (B3) given above and the form of ρave,
it is clear that in order to optimize K[ρ], we should choose
|ψ〉 = |φ〉 = |i〉 for any i ∈ {0, 1, . . . , d − 1}. In this case,
the corresponding optimization problem simplifies to:
max
A,B
p(A,B)〈Φ+d |ρf (A,B)|Φ+d 〉+
1− p(A,B)
d
,
such that ||A||∞ ≤ 1, ||B||∞ ≤ 1
(B6)
Since this last optimization takes into account the success
probability p(A,B), the resulting optimal filters AK , BK and
hence the optimal filtered state ρf are generally different from
those obtained by solving Eq. (B5). However, it is impor-
tant to note that if the optimum value of Eq. (B5) is such that
Fd(ρf ) >
1
d and the corresponding p(A,B) 6= 0, then by us-
ing the same set of filters in the evaluation ofK(ρ), one would
obtain
K(ρ) = pFd(ρf ) + (1− p) 1d > p 1d + (1− p) 1d = 1d , (B7)
i.e., the resulting cost function is larger than 1d . Conversely,
if the cost-function is larger than 1d , then Fd(ρf ) must also
be larger than 1d . Thus, although the optimization problems
of Eq. (B5) and Eq. (B6) may lead to different Fd(ρf ),
their difference is irrelevant when deciding whether a quan-
tum state ρ can have its FEF boosted beyond 1d .
Note that in the qubit case, it is always sufficient [36]
to consider filtering on one side when maximizing K[ρ] or
Fd(ρf ). When the local Hilbert space dimension is larger
than two, it is also sufficient to consider single-side filtering
for states that violate the reduction criterion [33]. In general,
however, to decide if a quantum state can have its FEF boosted
beyond 1d would require the consideration of filtering on both
sides.
Appendix C: Detailed results for Werner states
For ease of reference, we reproduce here the FEF of Werner
state W (v) derived in [42]:
Fd[W (v)] =

2v
d(d+1) ,
d+1
2d ≤ v ≤ 1,
2(1−v)
d(d−1) , 0 ≤ v ≤ d+12d , d even,
2(1−v)d2+2(vd−1)
d2(d2−1) , 0 ≤ v ≤ d+12d , d odd,
(C1)
For the optimal (qubit) filter, it can be shown that the suc-
cess probability of filtering is
pW(v) =
2[(d+1)(1−v)+3v(d−1)]
d(d2−1) (C2)
while the corresponding increase in FEF for 0 ≤ v ≤ d+14d−2 <
d+1
2d is:
Fd[Wf (v)]− Fd[W (v)]
=

(dp−2)(d2p+dp−6)
2(d−2)d2p (for even d)
12−2(d2+4d−4)p+(d−1)d2p2
2(d−2)d2p (for odd d).
(C3)
For v ∈
[
d+1
4d−2 ,
1
2
]
, the qubit filter could not result in an en-
tangled Wf (v) that beats the classical threshold Fc (they do
not seem to exhibit teleportation power).
In Fig. 5, we show, for d = 3 and d = 4, the FEF of
Werner states before and after filtering, as well as the corre-
sponding cost function. In the same figure, we also show the
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FIG. 5. (Top) FEF of the Werner state before filtering (black solid line) and after filtering (red solid line for the cost function and blue solid
line for the filtered state). (Bottom) Change in FEF as a function of v, which depends linearly on the probability of success in filtering pW(v).
corresponding difference in FEF, i.e., Fd[Wf (v)]−Fd[W (v)]
vs v [and hence pW(v), which depends linearly on v]. Clearly,
we see that when the success probability pW(v) increases, the
amount of FEF that can be increased by local filtering de-
creases, thus exhibiting some kind of trade-off between these
two quantities for W (v). These latter plots for larger values
of d look similar and are thus omitted.
Appendix D: Detailed results for rank-deficient states
1. Fully-entangled fraction of ρ(q)
Here we show that the family of rank-deficient states
ρ(q) = q|Φ+d 〉〈Φ+d |+(1−q)|0〉〈0|⊗|1〉〈1|, q ∈ (0, 1] (D1)
is already useful for teleportation whenever d ≥ 4.
Proof. We shall first determine Fd[ρ(q)], which requires the
maximization of
〈Ψd|ρ(q)|Ψd〉 = q|〈Ψd|Φ+d 〉|2 + (1− q)|〈Ψd|01〉|2 (D2)
over unitary matrix U such that |Ψd〉 = (I⊗U)|Φ+d 〉. Clearly,
from Eq. (D2) and the form of |Ψd〉, any U that maps |0〉, |1〉
outside S01 = span {|0〉, |1〉} would be suboptimal, since it
decreases—when compared with one that acts only nontriv-
ially in S01— the overlap |〈Ψd|Φ+d 〉|2 and |〈Ψd|01〉|2.
Consequently, let us consider only U of the form
U =
(
a −b¯
b a¯
)
⊕ Id−2, (D3)
where a, b ∈ C, a¯ (b¯) denotes complex conjugation of a (b),
and the unitary requirement implies that |a|2 + |b|2 = 1. Eval-
8uating the overlap gives
d〈Ψd|ρ(q)|Ψd〉 = q
d
[
4|a|2 + 4(d− 2)Re[a] + (d− 2)2]
+ (1− q)|b|2. (D4)
Since d ≥ 2, it is clear that in order to maximize this overlap,
we may, without loss of generality, consider only real-valued
a and real-valued b. For convenience, let us define
f(d, q, a) :=
q
d2
[2a+ (d− 2)]2 + (1− q)(1− a
2)
d
. (D5)
Then, we have Fd[ρ(q)] = maxa f(d, q, a).
Using standard variation technique, we find that the local
extremum of f(d, q, a) occurs at a∗ = 2(d−2)qd(1−q)−4q . Note that
|a∗| ≤ 1 if and only if q lies in the intervalQ := (0, 13 ]∪[q0, 1]
where q0 = d8−d . Evaluating f(d, q, a) for a = a
∗ and the
boundary points a = 0, 1 gives
f(d, q, a∗) =
(1− q)[(d− 5)q + 1]
d(1− q)− 4q , q ∈ Q, (D6a)
f(d, q, 0) =
d2q − 5dq + d+ 4q
d2
, (D6b)
f(d, q, 1) = q. (D6c)
Taking their difference gives
f(d, q, 1)− f(d, q, 0) = q(5d− 4)− d
d2
, (D7a)
f(d, q, a∗)− f(d, q, 0) = 4(d− 2)
2q2
d2[d(1− q)− 4q] , (D7b)
f(d, q, a∗)− f(d, q, 1) = (1− 3q)
2
d(1− q)− 4q , (D7c)
where we remind that the last two equations are only mean-
ingful for q ∈ Q.
For d = 2, Eq. (D7b) vanishes and it is easy to verify
that Eq. (D7c) is non-negative if and only if q ∈ (0, 13 ]. For
d = 3, it can be similarly verified that Eq. (D7b) is positive
for q ∈ (0, 13 ] while Eq. (D6c) dominates for other values
of q ∈ (0, 1]. For d ≥ 4, Q = (0, 13 ] since |q0| ≥ 1.
For q ∈ Q, one can see that d(1 − q) − 4q > 0 and thus
f(d, q, a∗) dominates over the other expressions in Eq. (D6).
For q ∈ ( 13 , 1], one can easily see that Eq. (D7a) is positive,
and hence f(d, q, 1) dominates in this interval. Putting every-
thing together, we thus conclude that
Fd[ρ(q)] =
{
(1−q)[(d−5)q+1]
d(1−q)−4q , 0 ≤ q ≤ 13 ,
q, q > 13 .
(D8)
To determine the dimension d for which ρ(q) is always use-
ful for teleportation, it is expedient to consider the function
G(d, q) = dFd[ρ(q)]− 1 = q[d(d− 5)(1− q) + 4]
d(1− q)− 4q , (D9)
where the last equality holds for 0 ≤ q ≤ 13 . For the com-
plementary interval of q > 13 , it is straightforward to deter-
mine when Fd[ρ(q)] > 1d and hence useful for teleportation.
Coming back to q ∈ [0, 13 ], we see that Fd[ρ(q)] > 1d if and
only if G(d, q) > 0. It is easy to see that G(d, q) > 0 when
d ≥ 5 since both numerator and denominator are positive for
0 < q ≤ 1d . Similarly, for d = 4, G(d, q) simplifies to q
2
1−2q ,
which is strictly positive for 0 < q ≤ 1d = 14 < 12 . Hence,
as claimed, Fd[ρ(q)] > 1d for d ≥ 4 and q ∈ (0, 1], i.e., these
states are all useful for teleportation even before any filtering.
For the case of d = 3, we have G(d, q) = 2q(1−3q)7q−3 , which
is easily verified to be non-positive for q ∈ (0, 1d ). Together
with Eq. (D8), we thus see that ρ(q) for d = 3 is useless for
teleportation if and only if q ∈ (0, 13 ]. Finally, G(2, q) =−q < 0 and thus ρ(q) for d = 2 is useless for teleportation if
and only if q ∈ (0, 12 ].
2. Two-side filtering (quasidistillation)
In [22], the family of local filters An = diag[1/n, 1, ..., 1],
Bn = diag[1, 1/n, ..., 1/n] were proposed to quasi-distill
ρ(q) into |Φ+d 〉. From some simple calculation, one finds that
these filters yield the unnormalized state2
τn =
1
n2
[
q|Φ+d 〉〈Φ+d |+
(
1− q
n2
)
|0〉〈0| ⊗ |1〉〈1|
]
(D10)
with a success probability of pn =
q(n2−1)+1
n4 . For sufficiently
large n, the FEF is attained by taking the overlap with |Φ+d 〉,
then
Fd
(
τn
pn
)
=
q
n2pn
= 1− 1− q
q(n2 − 1) + 1 . (D11)
Thus, when n → ∞, Fd
(
τn
pn
)
→ 1 but the success probabil-
ity limn→∞ pn = 0.
3. Single-side filtering
Let κ = (d−1)qd(1−q) , then Alice’s filter that appears to maximize
the cost-function K[ρ(q)] is
AK = κ|0〉〈0|+
d−1∑
j=1
|j〉〈j|. (D12)
Let us define the subnormalized state |χ〉 := 1√
d
(κ|0〉|0〉 +∑d−1
i=1 |i〉|i〉). Then, conditioned on successful filtering,
which occurs with probability
pκ(q) = κ
2
( q
d
+ 1− q
)
+
q
d
(d− 1), (D13)
2 Note that it was claimed in Eq. (40) in [22] that the filtered state takes the
form of 1
n
[
q|Φ+d 〉〈Φ+d |+
(
1−q
n
)
|0〉〈0| ⊗ |1〉〈1|
]
, which is incorrect.
9one obtains the filtered state
ρf,κ(q) =
1
pκ(q)
(q|χ〉〈χ|+ (1− q)κ2|0〉〈0| ⊗ |1〉〈1|). (D14)
Numerically, we have observed that the FEF of ρf,κ(q) is ob-
tained by taking the overlap with |Φ+d 〉, thus resulting in the
expression of Fd[ρf,κ(q)] given in Eq. (4).
If we maximize insteadFd[ρf,κ(q)] by allowing only the fil-
tering on Alice’s side, then the optimal filter again appears to
be given by Eq. (D12), but with κ replaced by κ′ = qq+d(1−q) .
In a similar manner, the filtered state ρf,κ′(q), the success
probability pκ′(q), and the FEF of the filtered state can all
be obtained if we replace κ by κ′ in Eq. (D14), Eq. (D13), and
Eq. (4).
Appendix E: Experimental details
In this Appendix, we provide further details about our experimental setup. A schematic, simplified version of this setup that
emphasizes its connection with the teleportation protocol can be found in Fig. 3 whereas an overview of the full experimental
setup is given in Fig. 4. In the following subsections, we explain how each of the boxed section in Fig. 4 functions. To this end,
it would be useful to bear in mind the following:
(i) A half-wave plate (HWP) @ θ performs the unitary transformation UHWP = cos 2θ(|H〉〈H| − |V 〉〈V |) + sin 2θ(|H〉〈V |+
|V 〉〈H|) on a polarization state, where θ is the angle between fast axis of HWP and vertical polarization.
(ii) A beam displacer (BD) transmits a vertically polarized photon but deviates a horizontally polarized one.
(iii) A polarized beam splitter (PBS) transmits a horizontally polarized photon but reflects a vertically polarized one.
(iv) A quarter-wave plate (QWP) @ θ performs the unitary transformation UQWP = 1√2 [I2 + i cos 2θ(|H〉〈H| − |V 〉〈V |) +
i sin 2θ(|H〉〈V | + |V 〉〈H|)], where I2 = |H〉〈H| + |V 〉〈V | and θ is the angle between fast axis of QWP and vertical
polarization, on a polarization state.
1. Entangled Photon Source
We start by describing how polarization-entangled photon pairs are produced in our setup by bidirectionally pumping a
periodically poled potassium titanyl phosphate (PPKTP) crystal (placed in a Sagnac interferometer [43]) with an ultraviolet
(UV) diode laser at 405 nm. Specifically, as shown in Fig. 7, the power of the pump light is first adjusted through a HWP and
a PBS. Then, at the second HWP set at 22.5◦, the horizontal polarization |Hp〉 is rotated to |+p〉 = 1√2 (|Hp〉 + |Vp〉). Via two
lenses L1 (with focal length 75 mm and 125 mm), the pump beam is subsequently focused into a beam waist of 74 µm and
arrives at a dual-wavelength PBS (after passing through a dichroic mirror). The pump beam is split on the PBS, and coherently
pumped through the PPKTP in the clockwise and counterclockwise direction. The PPKTP crystal, with dimensions of 10 mm
(length)× 2 mm (width)× 1 mm (thickness) and a poling period of Λ = 10.025 µm, is housed in a copper oven and temperature
controlled by a homemade temperature controller set at 29◦C to realize the optimum type-II phase matching at 810 nm. The
clockwise and counterclockwise photons are then recombined on the dual-wavelength PBS to generate entangled photons with
an ideal form of |Ψ+12〉 = 1√2 (|H1V2〉 + |V1H2〉). Photon 1 and 2 are filtered by a narrow band filter (NBF) with a full width
at half maximum (FWHM) of 3 nm, and coupled into single-mode fiber (SMF) by lenses of focal length 200 mm (L2 and L3)
and objective lenses (not shown in Fig. 7). During our experiment, the pump power is set at 5 mw, and we observe a two-fold
coincidence count rate of 7.3×104/s.
2. Noisy Channel E(θ1)
In this part of the experimental setup, which does not involve photon 2 (as can be seen in Fig. 7), photon 1 goes through
a noisy channel E(θ1) that eventually results in a two-photon polarization state given by ρ(q) (in the ideal scenario). To this
end, photon 1 is first guided to an unbalanced Mach-Zehnder interferometer (MZI) after passing a PM. Then, BS1 transforms
an ideal maximally entangled two-qubit state |Ψ+2 〉 = 1√2 (|H1V2〉 + |V1H2〉) to 12 (|H1V2〉 + |V1H2〉) ⊗ (|s1〉 + |l1〉) with
|s1〉 and |l1〉 denote. respectively, the short and long arm of the unbalanced MZI. On the long arm, the PBS only transmits
|H1〉 and filters away the |V1〉 component. On the short arm, the two BDs and a HWP (at angle θ1) work together as an
attenuator so that |s1〉 → sin2 2θ1|s1〉. Indeed, from the property of a BD and the calculation shown in Eq. (E1), we see that
a photonic state that goes through the short arm is attenuated by a factor of sin2 2θ1. Since photons that travel through the
long arm and those that travel through the short arm are distinguishable, the two spatial modes |s1〉 and |l1〉 are incoherently
recombined at BS2. In the experiment, we keep only photons exiting from the output port 1’, thus obtaining the state ρ1′2 =
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FIG. 6. (Top row) Comparison between the FEF of the filtered state ρf obtained by employing different filtering schemes on ρ(q) for d = 2
and d = 3. Included in the plots are the two-side filtering schemes introduced in [22] for n = 2, 3, 5, and 10 (see Appendix D 2) as well as the
single-side filtering schemes discussed in Appendix D 3. (Middle row) Comparison of the corresponding success probabilities as a function of
the parameter q. (Bottom row) Comparison of the corresponding change in FEF as a function of the parameter q.
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FIG. 7. Zoom in view of the (left) “Photon source” part and the (right) “Noisy channel” part of Fig. 4. The setup on the left aims to generate
photon pairs maximally entangled in the polarization degree of freedom (DOF) whereas that on the right aims to generate, starting from photon
pairs produced in the left, two-qubit mixed quantum states ρ(q) [see Eq. (D1)] encoded in the polarization DOF.
q(θ1)|Φ+2 〉〈Φ+2 |+(1−q(θ1))|HV 〉〈HV |with q(θ1) = 2 sin
2 2θ1
1+2 sin2 2θ1
. With this experimental setup, q(θ1) can be tuned in the range
from 0 to 23 . A step-by-step calculation detailing the evolution of the two-photon state through this setup is given in Eq. (E1).
|Ψ+2 〉 =
1√
2
(|H1V2〉+ |V1H2〉) BS1−−→ 1
2
(|H1V2〉+ |V1H2〉)⊗ (|s1〉+ |l1〉)
PBS−−−−−−→
at long arm
1√
3
(|H1〉|V2〉|l1〉+ |H1〉|V2〉|s1〉+ |V1〉|H2〉|s1〉)
BD1−−−−−−→
at short arm
1√
3
(|H1〉|V2〉|l1〉+ |H1〉|V2〉|h1〉+ |V1〉|H2〉|v1〉)
HWP @ θ1−−−−−−→
at short arm
1√
3
[|H1〉|V2〉|l1〉+ (cos 2θ1|H1〉+ sin 2θ1|V1〉)|V2〉|h1〉+ (sin 2θ1|H1〉 − cos 2θ1|V1〉)|H2〉|v1〉]
BD2−−−−−−−−−−−−−−−−→
+post-select path s at short arm
1√
1 + 2 sin2 2θ1
(|H1〉|V2〉|l1〉+ sin 2θ1|H1〉|H2〉|s1〉+ sin 2θ1|V1〉|V2〉|s1〉)
BS2−−−−−−−−−−−→
incoherently combined
2 sin2 2θ1
1 + 2 sin2 2θ1
|Φ+2 〉1′2〈Φ+2 |+
1
1 + 2 sin2 2θ1
|H1′V2〉〈H1′V2|
(E1)
3. Local Filtering
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FIG. 8. Experimental setup (zoom in view of the “Filter” part of Fig. 4) that performs the filtering operation of Eq. (D12) for the d = 2 case.
Our experimental setup for implementing the local filter A = diag[κ, 1] is shown in Fig. 8. As with the attenuator discussed in
Appendix E 2, this part of the setup consists also of two BDs in addition to three HWPs. For photons encoded in the polarization
DOF, filter A attenuates the horizontal component |H〉 by a factor of κ while keeping the vertical component |V 〉 unchanged.
To illustrate the effect of this setup, we provide in Eq. (E2) a step-by-step calculation showing how a general input polarization
pure state α|H1′〉+ β|V1′〉 transforms. Note that κ is related to the angle of HWP @ θ2 by κ = sin 2θ2. Thus, by tuning θ2, we
may implement any of the filters (for d = 2) given in Eq. (D12). With some thought, it is easy to see that the same effect applies
to every term in the convex decomposition of an input mixed density matrix.
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α|H1′〉+ β|V1′〉 BD1−−→ α|H1′〉|h1′〉+ β|V1′〉|v1′〉
HWP @ θ2−−−−−−→
on path h
α cos 2θ2|H1′〉|h1′〉+ α sin 2θ2|V1′〉|h1′〉+ β|V1′〉|v1′〉
HWP @ 45◦−−−−−−−→
on path v
α cos 2θ2|H1′〉|h1′〉+ α sin 2θ2|V1′〉|h1′〉+ β|H1′〉|v1′〉
BD2−−−−−−−−−−−→
+post-select path 1′′
1√
|α|2 sin2 2θ2 + |β|2
(α sin 2θ2|V1′′〉+ β|H1′′〉)
HWP @ 45◦−−−−−−−→
on path 1′′
1√
|α|2 sin2 2θ2 + |β|2
(α sin 2θ2|H1′′〉+ β|V1′′〉)
(E2)
4. Preparation of the State to be Teleported
Our teleportation experiment is realized on a two-photon hybrid system. In the following, we show how this scheme works
for an ideal two-photon polarization entangled state |Φ+〉1′′2 = 1√2 (|H1′′H2〉 + |V1′′V2〉) shared between Alice and Bob.
Firstly, as shown in Fig. 9a and Eq. (E3), the polarization-polarization entangled state |Φ+〉1′′2 is mapped to a two-photon path-
polarization-polarization entangled Greenberger-Horne-Zeilinger state using a BD. Then, a HWP @ 45◦ placed at the spatial
mode v disentangles the polarization DOF of photon 1′′ from this two-photon hybrid system. Finally, the state to be teleported
is encoded in the polarization DOF of photon 1′′ by having a HWP or a QWP set at the appropriate angle and placed across both
path v and h. The process is described as
|Φ+〉1′′2 = 1√
2
(|H1′′H2〉+ |V1′′V2〉) BD−−→ 1√
2
(|H1′′〉|H2〉|h1′′〉+ |V1′′〉|V2〉|v1′′〉)
HWP @ 45◦−−−−−−−→
on path v
1√
2
(|H1′′〉|H2〉|h1′′〉+ |H1′′〉|V2〉|v1′′〉) = |H1′′〉 ⊗ 1√
2
(|H2〉|h1′′〉+ |V2〉|v1′′〉)
HWP or QWP−−−−−−−−−→
across both paths
(α|H1′′〉+ β|V1′′〉)⊗ 1√
2
(|H2〉|h1′′〉+ |V2〉|v1′′〉).
(E3)
Experimentally, we choose |H1′′〉, |V1′′〉, |+1′′〉 = 1√2 (|H1′′〉+ |V1′′〉) and |R1′′〉 = 1√2 (|H1′′〉+ i|V1′′〉) as the four states to be
teleported. The corresponding waveplate settings are shown in Fig. 9.
BD HWP@45°
1 h
v
HWP@0°
1 h
v
HWP@45°
1
HWP@22.5°
1 h
v
QWP@45°
h
v
a b
c d
H1 V1
+1 R1
FIG. 9. Experimental setup (zoom in view of the “state preparation” part of Fig. 4) that prepares the four pure states to be teleported |ψ〉 =
α|H1′′〉+ β|V1′′〉. We set HWP, respectively, at 0◦, 45◦ and 22.5◦ to prepare |H1′′〉, |V1′′〉 and |+1′′〉, and QWP at 45◦ to prepare |R1′′〉.
5. Bell-State Measurement (BSM)
A crucial step of the teleportation protocol is to apply a Bell-state measurement on the state to be teleported together with one
half of the shared entangled resource. In our case, this amounts to applying a BSM between the polarization and path DOF of
photon 1′′. In contrast with the BSM on two photons, since this measurement is to act on two different DOFs of a single photon,
all four Bell states can in principle be distinguished deterministically in a single shot. Our experimental setup for implementing
this measurement is shown in Fig. 10, while the associated theoretical calculations are shown in Eq. (E4).
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FIG. 10. Experimental setup (zoom in view of the “BSM” part of Fig. 4) to implement Bell-state measurement between the path and the
polarization DOF of photon 1′′.
1√
2
(|H2〉|h1′′〉+ |V2〉|v1′′〉)⊗ (α|H1′′〉+ β|V1′′〉)
HWP @ 45◦−−−−−−−→
on path h
1√
2
(α|H2〉|h1′′〉|V1′′〉+ β|H2〉|h1′′〉|H1′′〉+ α|V2〉|v1′′〉|H1′′〉+ β|V2〉|v1′′〉|V1′′〉)
BD1−−→ 1√
2
(α|H2〉|m1′′〉|V1′′〉+ β|H2〉|r1′′〉|H1′′〉+ α|V2〉|m1′′〉|H1′′〉+ β|V2〉|l1′′〉|V1′′〉)
HWP @ 45◦on path l,r−−−−−−−−−−−−→
HWP @ 0◦on pathm
1√
2
(−α|H2〉|m1′′〉|V1′′〉+ β|H2〉|r1′′〉|V1′′〉+ α|V2〉|m1′′〉|H1′′〉+ β|V2〉|l1′′〉|H1′′〉)
BD2−−→ 1√
2
(−α|H2〉|m1′′〉|V1′′〉+ β|H2〉|r1′′〉|V1′′〉+ α|V2〉|r1′′〉|H1′′〉+ β|V2〉|m1′′〉|H1′′〉)
HWP @ 22.5◦−−−−−−−−→
on both paths
1
2
[(α|H2〉+ β|V2〉)|m1′′〉|V1′′〉+ (β|H2〉+ α|V2〉)|r1′′〉|H1′′〉
+ (−α|H2〉+ β|V2〉)|m1′′〉|H1′′〉+ (−β|H2〉+ α|V2〉)|r1′′〉|V1′′〉]
(E4)
Essentially, the first four steps of the above calculation can be seen as implementing the controlled-NOT operation between
the path and the polarization DOF of photon 1. The last step then amounts to implementing the Hadamard gate. As such, to
complete the BSM, it suffices to measure photon 1′′ in the complete basis {|m1′′〉|V1′′〉, |r1′′〉|H1′′〉, |m1′′〉|H1′′〉, |R1′′〉|V1′′〉},
which we achieve by putting a PBS that intersects path m and r after BD2. In our experiment, since we are limited by the
number of detectors available, we only collect the transmitted photon after PBS. This means that we only implement a partial
BSM that allows us to identify |m1′′〉|H1′′〉 and |r1′′〉|H1′′〉 while being ignorant of which among the two cases |m1′′〉|V1′′〉 and
|r1′′〉|V1′′〉 actually takes place. To compensate for this, we set for only about half of the experimental runs the final HWP @
22.5◦ and the remaining runs the final HWP @ 67.5◦. Then, in these other cases, we could identify |m1′′〉|V1′′〉 and |r1′′〉|V1′′〉
while being ignorant of which among the two cases |m1′′〉|H1′′〉 and |r1′′〉|H1′′〉 actually takes place. This then allows us to
cover all four possible outcomes of the BSM.
6. Quantum Process Tomography (QPT) of the Teleportation Channel
The experimental process teleporting a quantum state ρ from Alice to Bob can be described by a completely-positive trace-
preserving (CPTP) map E(ρ). To this end, note that we may choose {Am}m := {I,X, Y, Z} (where I = I2 and X,Y, Z are
Pauli observables) as a basis set for linear operators acting on qubit states. The CPTP map can then be expressed as [39]
E(ρ) =
4∑
m,n=1
χmnAnρA
†
m, (E5)
where the expansion coefficient χmn defines the (m,n) element of the so-called process matrix χ (see, e.g., [59]).
For an ideal teleportation process χid, E(ρ) = ρ, thus except χII = 1, all other elements of χid are 0. Experimentally,
we set q(θ1) in the range of 115 to
10
15 in steps of
1
15 . For each q(θ1), we perform a teleportation experiment and reconstruct the
corresponding process matrix χexp for the shared state ρ1′2, ρ1′′2(κ) and ρ1′′2(κ′), respectively. These experimentally determined
χexp’s then give, via Eq. (E5), a full description of the corresponding teleportation channel based on the various shared entangled
resource.
From the point of view of a process matrix, the goal of local filtering is to make the value of χII greater, which therefore results
in a better teleportation fidelity. In Fig. 11, we show the real parts of χexp based on the shared states ρ1′2 and ρ1′′2(κ′), which
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clearly illustrates that the experimentally determined χII becomes more dominant after local filtering. Notice also that χexp for
ρ1′′2(κ) looks similar to that of ρ1′′2(κ′) but with ρ1′′2(κ′) giving a more pronounced increase in χII . The corresponding plots
of χexp for ρ1′′2(κ) are therefore omitted.
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FIG. 11. The real parts of χexp based on the shared states ρ1′2 and ρ1′′2(κ′). The imaginary parts are omitted here as their experimentally
determined values are tiny. The wire grids represent the theoretical values of the elements.
For completeness, we provide in Table I the two-fold coincidence count rates of ρ1′2, ρ1′′2(κ) and ρ1′′2(κ′).
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